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1. DÐnontai ta monadiaÐa dianÔsmata ê1, ê2, ..., êN . Apì aut� kataskeu�zoume

ta dianÔsmata f i =
N∑
k=i

êk. Na upologistoÔn ta eswterik� ginìmena fi · fj,

i, j = 1, 2, ..., N . EÐnai ta dianÔsmata fi orjog¸nia;

2. DÐnontai ta orjokanonik� dianÔsmata |e1 > kai |e2 >.
An |f1 >= − i√

2
eiδ|e1 > + 1√

2
|e2 > kai |f2 >= 1√

2
|e1 > − i√

2
e−iδ|e2 >, me δ

pragmatikì arijmì, eÐnai ta |f1 > kai |f2 > orjokanonik�;

3. DÐnontai oi sunart seic:

sm(x) =
1√
π
sin(mx), c0 =

1√
2π
, cm(x) =

1√
π
cos(mx), m = 1, 2, ...

Na brejeÐ to eswterikì ginìmeno aut¸n an� dÔo, qrhsimopoi¸ntac ton orismì

tou eswterikoÔ ginomènou < g|f >≡
∫ b
a
g∗(x)f(x)dx, me a = −b = −π.

4. DÐnontai ta dianÔsmata:

|f1 >= ξ|e1 > +|e2 >, |f2 >= |e1 > +ξ|e2 > +|e3 >, |f3 >= |e2 > +ξ|e3 >,

ìpou |e1 >, |e2 >, |e3 > orjokanonik� kai ξ pragmatikìc arijmìc. Gia poiec
timèc tou ξ ta |f1 >, |f2 >, |f3 > eÐnai grammik� anex�rthta; Gia poiec timèc
tou ξ eÐnai grammik� exarthmèna;

5. To eswterikì ginìmeno orÐzetai wc: < g|f >≡
∫ b
a
w(x)g∗(x)f(x)dx,

w(x) > 0 kai x ∈ [a, b]. Na kataskeuastoÔn ta tèssera pr¸ta orjog¸nia
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polu¸numa stic ex c peript¸seic:
(i) a = −∞, b = +∞, w(x) = e−x

2
, Hermite.

(ii) a = 0, b = +∞, w(x) = xνe−x, ν > −1, Laguerre.
(iii) a = −1, b = 1, w(x) = (1− x2)−1/2, Chebyshev I.

6. DÐnetai h sun�rthsh:

f(x) =

{
1, 0 < x < 1

−1, −1 < x < 0

'Estw ìti gr�foume f(x) ≡
4∑
i=1

αiPi(x), ìpou Pi(x) eÐnai ta polu¸numa Leg-

endre. Na upologistoÔn oi suntelestèc αi.

7. 'Estw mia sun�rthsh f(x), h opoÐa anaparÐstatai, akrib¸c, wc:

f(x) =
∞∑
m=1

fmem(x), fm =

∫ b

a

e∗m(x)f(x)w(x)dx,

ìpou ta em(x), m = 1, 2, 3, ..., apoteloÔn èna orjokanonikì sÔsthma sto di�-
sthma [a, b], me sun�rthsh b�rouc w(x). Na brejoÔn oi suntelestèc cm pou
dÐnoun thn kalÔterh anapar�stash thc f(x) me N ìrouc, dhlad 

f(x) ≈
N∑
m=1

cmem(x).

ShmeÐwsh: Me ton ìro <<kalÔterh anapar�stash>>, ennoÔme ìti:

ρ(|f >,
∞∑
m=1

cm|em >) = el�qisto, dhlad  to tetragwnikì sf�lma gÐnetai el�-

qisto.

8. Na exetasteÐ kat� pìson oi sunart seic sin(mx), m = 1, 2, ..., eÐnai orjo-
g¸niec sto di�sthma [0, π], me w(x) = 1. Sth sunèqeia, na upologistoÔn oi
suntelestèc cm, tètoioi ¸ste:

cosx =
∞∑
m=0

cm sin(mx), 0 < x < π.

Upojèste ìti h pio p�nw sqèsh èqei nìhma.

9. DÐnetai h seir�
∞∑
m=1

fm(z), fm(z) = z2/(1 + z2)m. Na deiqteÐ ìti h seir�

sugklÐnei. EÐnai h sÔgklish omal ; Na gÐnei to Ðdio an fm = z/{[(m − 1)z +
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1](mz + 1)}.

10. Na deiqteÐ ìti h isqur  (mèsh) sÔgklish sunep�getai thn asjen .
Upìdeixh: | < g|(|fn > −|f >)| ≤

√
< g|g >ρ(|f >, |fn >) → 0, ìtan

n→∞.

11. Na analujeÐ kat� Fourier h sun�rthsh:

f(x) = |x|, −π < x < π.

Parousi�zetai to fainìmeno Gibbs; Na dojeÐ ex ghsh.

12. Na analujoÔn kat� Fourier oi ex c sunart seic:

(i) f(t) =

{
0, −π < ωt < 0

V sin(ωt), 0 < ωt < π, V = σταθερα

(ii) f(t) =

{
t, 0 < t < V

−t, −V < t < 0

Na exetasteÐ to eÐdoc sÔgklishc (shmeÐo proc shmeÐo, omal  klp.).

Oi ask seic mporoÔn na epistrafoÔn kai mèsw email (mxenos@cc.uoi.gr) mè-
qri thn 20h DekembrÐou 2015.
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